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ABSTRACT

We constructed Green’s function solution of discontinuous Sturm-Liouville problems with eigenparameter in
boundary conditions.

Keywords: Discontinuous Sturm-Liouville problems, eigenparameter, Green’s function, eigenvalue,
eigenfunction.

MSC numbers/numaralari: 341.20, 35R10.

SINIR KOSULUNDA OZ PARAMETRE BULUNAN SUREKSiZ SINIR DEGER PROBLEMININ
GREEN FONKSiYONU

OZET

Bu makalede smir kosullarinda 6zparametre bulunan, siireksiz Sturm-Liouville problemleri i¢in Green
fonksiyonu insa edilmistir.

Anahtar Sozciikler: Siireksiz Sturm-Liouville problemleri, 6zparametre, Green fonksiyonu, ozdeger,
ozfonksiyon.

1. INTRODUCTION

In this paper, we establish the Green’s function for Sturm-Liouville equation

-y () +a(X)y(x) = Ay(X) (1.1)
. Vs V4 , ) ..
on the interval {0, EJ U [E R 7[} , with the eigenparameter-dependent boundary conditions

J2y0 +y =0 (12)
AyY(r)+y (7)=0 (1.3)

and the transmission conditions
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y(gmj—ay[%—o):o, (1.4)

y'(%—0)—®'[§+0)=0, (1.5)

. . . T 7 . .
where the real valued function ((X) is continuous on {0, Ej U (E,ﬂ} having the finite

limits q[£+ OJ = lim q(X) and q(ﬁ—oj = lim q(X), A isa real eigenparameter

2 X—>—+0 2 x—Z-0
2 2
and, O # 0 is an arbitrary real number.

Many topics in mathematical physics require investigations of eigenvalues and
eigenfunctions of boundary value problems. In spite of the fact that the general theory and
methods of boundary value problems with continuous coefficients are highly developed, very
little is known about a general character of similar problems with discontinuity. Some problems
with transmission conditions which arise in mechanics, such as thermal conduction problems for a
thin laminated plate, were studied in [1].

In recent years, continuous results have been obtained for the boundary value problems
with eigenparameter dependent boundary conditions. Some of these results can be seen in [2, 3, 4,
5, 6, 7, 8]. In particular, [4, 6, 9, 10] contain many references to problems in physics and
mechanics. Some special cases of the problem (1.1)-(1.5) arise from applications of the method of
separation of variables to the varied assortment of physical problems [1, 5, 10]. It must be noted
that asymptotic formulas of eigenvalues and eigenfunctions of this problem are investigated in
[11].

In this paper we will consider eigenparameter dependent boundary conditions and will
extend some results of the standard Sturm-Liouville problems to discontinuous cases. In
particular, we will construct Green’s function for the problem (1.1)-(1.5) using a method
described in [12].

2. SOME BASIC SOLUTIONS ACCORDING TO TRANSMISSION CONDITIONS

We define two fundamental solutions

@ (X, A) for xe {0%)

P(X, 1) = . .1
?,(X,4) for xe (5,71':|
and
21(X,A) for xe {0%)
X(X,A) = 22)

X (X, A4) for XE(%,E:'

of the differential equation (1.1) which satisfy one of the boundary conditions in (1.2), (1.3) and
both of the transmission conditions (1.4), (1.5) as follows.
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Let ¢ (X,A) be a solution of the equation (1.1) on [O,Ej, satisfying the initial

conditions

40,2 =1, ¢ 0,1)=-2 . 2.3)

Vs
It has been shown in [11] that the solution of (1.1) with (2.3) is unique on |:0,—} .

T
Now consider the differential equation (1.1) on (E,ﬂ} together with the special type initial

conditions

T T
Zl=6¢]=-0,1], 24
y[zj ¢1[2 j (2.4)

() 1 (=&
Y| = |==¢|=-0,4]. (2.5)

2) 6"\ 2
We will prove that these initial conditions define a unique solutiony = ¢, (X, 1),

T
which is also an entire function of the parameter A € C for each fixed X € I:E, T :| . Consider

the sequence Y, (X,4), N=0,L,2,...defined by the recurrence formula

Y, (X) = ¢, (%— 0, zj + (x —gjﬁlg —0,/1) + j (at) = Ay, t,A)(x —t)dt. 2.6)

7
LetQ = max |CI(X)| . Tt is obvious that for each positive, real number N >0 there
Xe| %,7[
is K >0 such that ¢{(§—O,ﬂj{x—§j <K forall Xe [%,7[} and|ﬂ| <N.
Thus,
X 1 p 2
[y, (%)= Y, ()] < j(Q + N)K(x —t)dt =5(Q + N)K(X—E) . @.7)

7

By induction, it follows from (2.7) that

|yn (x)— Yn-1 (X)| <(Q+N) J.| Yn-1 t1)- Yn-2 (t,ﬂ)|(X _t)dt for Nn=23,... (28

%
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K(Q+N)" (x—zj

- < fc n=2,3,.. 2.9
Yo (0= ¥y (0] < — or 29)
Hence, the series
3,00 = Yo () + D~ (Y4 () = Yoy (0)) (2.10)
n=1

T
converges uniformly for values of A satisfying |/1| < N in the interval > <X< 7 for

N > 2. Moreover, we can obtain the following equations by differentiating the equation (2.6)

(Yo (0= ya1(0)= [@0) =2y € 2)= Yo 2 LD e
%
(¥'n 00—y 01(0) = (@00 = DYoo (1)~ Ypa (X, D)) 1)

By virtue of (2.9) each of the series

> @O =¥ €.2) =y, (L))t
n=l1 %

and

D@0 = (Yot 06 A) = Yoo (X, 2)

T
converge uniformly for |ﬂ,| <N on the interval (5, T :| .

Hence, it follows from (2.11) and (2.12) that the differentiated series

i(y'nfl (X, A)— y'nfz(x,/i)) and i(y"m (X, )=y n-2 (X, /1))

n=1 n=1

T
also converge uniformly in X on the interval (E,ﬂ}. Now taking (2.10) and (2.12) into

account, we have
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8 62 =Dy a D =Y (x,2)

= (@) =)D (Yot 6 A) = Yy (%, 2))
n=1
= (A(X) = D), (X, 2).
. . . . . T
Thus ¢2 (X, A) satisfies the differential equation (1.1) on the interval (E R 7Z:| and the
initial conditions (2.4) and (2.5). Hence, the function @(X, A) defined by equation (2.1) satisfies
. . . T T ...
the differential equation (1.1) on |:0,5) U (5, 7Z':| , the boundary condition (1.2) and the
transmission conditions (1.4) and (1.5).
VA
We now turn to the unique solution ¥, (X, A) of the equation (1.1) on (E,ﬂ' :|

satisfying the initial conditions
2, (m,A)=—1and y,(7,2)=A (2.13)

which is an entire function of A for fixed X.
The function ¥, (X,A) will be defined in terms of ¥, (X, A) and by the conditions

y(%j = %;{2 (% +0, ﬂj , (2.14)

y(%) — 5;('2(§+0,/1j. 2.15)

Applying the same technique as in the definition of ¢2 (X, 4) we can prove that the
equation (1.1) with conditions (2.14)-(2.15) has a unique solution ZI(X,/D which is also an

entire function of

T . . . .
A for fixed X € [O’Ej . Thus y(X,A) satisfies the differential equation (1.1), the

T T
boundary condition (1.3) and the transmission conditions (1.4) and (1.5) on |:0, Ej U (5 5 7Z':| .

The Wronskian
@, (A) =W, (4, 2:3%) = 6,(%, ) 71 (X, A) = 7, (%, 1) (X, A) (2.16)
are independent of X for I =1,2 and it can easily be shown that

0, (A) = 0, (1) = o(A) . @.17)
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Theorem 1: The eigenvalues of the problem (1.1)-(1.5) consist of zeros of the function w(A) .
Theorem can be proved easily by the same technique as for Theorem 1 in [12].

Lemma 1: Let A = S” Then the following integral equations hold.

@, (X) ==Sin sx + Cos sx + lJ- q(7)Sins(x —7)¢, (r)dz (2.18)
S
0

1 .. T\ o7 V4 ) 17§ .
$, (X) = = Sin s(x - 2j¢1 (2] +Cos s(x - 2J¢1 (J + g!:q(r)Sln s(x— 1), (r)dz (2.19)
Proof: Consider the solution ¢ (X, A) of the differential equation (1.1)

— ¢ (X)+ 900 (X) = $°¢(X). (2.20)

Multiplying both sides by Sin$(X —7) and then integrating we get

- [# @sins(x—r)dz - s* [, (DSins(x—r)dz + [q()Sins(x ~ )¢ (£)d7 = 0
0 0 0

T
for Xe {0, EJ . After integrating by parts twice the first integral and using the conditions in

(2.3) we obtain

@, (X) = —Sinsx + CoSs sX + éjq(r)sm s(x— 1), (r)dz .
0

Similarly, performing the same calculations for ¢, (X) and using the conditions (2.4)
and (2.5) we get

1 .. T\, (& 4 V.4 17 .
§:(x)=—Sin s(x —2j¢1 (2) +&Cos s[x - 2j¢1 [zj + g!q(r)Sm s(X - )¢, (7)d T

T
for Xe| —, 7 |.
[2 }

Lemma 2: LetA =5 for S being a complex number. LetImS=1. Then, the following

asymptotic equations hold for |/1| —> 0.

(X, 1) ZﬁCOS(SX+%j+O(S_1etX) .21

20



Green’s Function of Discontinuos Boundary Value ... Sigma 28, 15-25, 2010

o 2 2 4

(2.22)
T T 1 Jtx
20Coss| x——|Cos| s—+— |+Ols e
v2 ( 2) ( 2+4J+ ™)
Z7,(%,A)=sSins(x—7)+ O(e“‘x) (2.23)

. 1 .
71 (X, A)=0sSins x— 2 lcoss| Z |- —s Coss| x—Z |sins| = +O(emx)(2.24)
2 2 1) 2 2
Theorem 2: Let A =S and ImS =t . The asymptotic representation of characteristic function
() is

T

2
(1) = 525> Coss%Cos(sﬁ +_j_ J2s

2 4 o

Proof: This result is a direct consequence of equation (2.16) and Lemma 2.

SinsZsin|sZ+ 2% +O(e“‘x>. (2.25)
2 2 4

3. ASYMPTOTIC REPRESENTATION OF GREEN FUNCTION

Let us consider Sturm-Liouville equation

L(y) ==y () +a0)y(x)=—f(x) G.1)
together with eigenparameter-dependent boundary conditions (1.2)-(1.3) and transmission
conditions (1.4)-(1.5). Here f (X) is continuous function on the interval [O,Ej U (5 , Iril .

We can represent the general solution of (3.1) in the following form

A (X, A)+ B,z (x,4) for x{O,%)

Y(x, )= (32)

Ay (X, A) + By x, (x,4)  for XE(%’ﬂ':l

We applied the standard method of variation of the constants to (3.2), thus, the functions
A (X,4),B,(X,4) and A,(X,4),B, (X, A) satisfies the linear system of equations

Ad (X, A) + B, z,(x,1) =0,
Aidy (X, A)+ Bz, (x,4) = f(X),

for X € {O,ZJ and
2

(3.3)
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Ayp, (X, A) + By, (X, 1) =0,

o L (3.4)
A2¢2(Xaﬂ’) + lez(xa ﬂ’) = f(X)a

Vi
for X € (5, 72'} . Since A is not an eigenvalue and

W, (, 2i:X) =0 fori=1,2

each of the linear system in (3.3) and (3.4) has a unique solution which leads

A1<x,ﬂ)=ﬁiff(y)zl(y,z)dy+Al xe[o,g}
B, (X, 4) = ﬁj f(DA(Y. Dy + B, xe [ogj
Az(x,ﬂ)—% F (V) 2y, A)ly + A, xe(2 }
Bz(x,ﬂ)zﬁ%f(y)¢z(y,i)dy+ B, Xe(%,ﬂ'}

Where A, A,,B, and B, are arbitrary constants. Substituting these expressions to
(3.2), we obtain the solution of (3.1)

1 5/1 1 ﬂ
Y(x.2)= % j )20y, Ay + 20 )I (V)6 (7. 20y + Ad (%, A) + Bz, (x.4) (39
for X € [O,EJ and

2
Y(x)= M))jw)zz(y,z)dw (/1)) jf(y)«ﬁz(y Iy + gy (x.2)+ By (x.2) GO

T
for Xe| —, 7 |.
[2 }

Substituting these solutions into the eigenparameter-dependent boundary conditions
(1.2)-(1.3) and the transmission conditions (1.3)-(1.4), we obtain the resolvent of the boundary
value problem (1.1)-(1.5) as

(XA | $(x, ) T
Y02 = £ !f(y)¢(y,z)dy+—w( 5 j f(y)2(y, A)dy - (3.7)
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We can now easily find the Green’s function of the problem (1.1)-(1.5) from the
resolvent (3.1).
Theorem 3: If the equation L(U) =0 has only trivial solution, then, for any function f (X)

which is continuous on the interval [a, b], there exists a solution of the equation LU= f(X)

given by
b
U =[G &) f()de

Proof of this theorem can be found in [13] where G(X, f ; ﬁ) denotes the Greeen’s

function for the operator L.
From Theorem 3 we have

Vi
Y(,2) =[G y; ) f (y)dy .
0
and from (3.7), the Green’s function of the problem (1.1)-(1.5) can be represented as follows

L gy, 0<y<x<m x2Z y2Z

p) 2 2

G(x,y;4) = ‘0(1) 2 2 8
—— (Y, D)X, A), O0<X<y<zm, X#—, y#—
a)(/l)l(y )P(X, 4) y<rz 5 y 5

Finally, in view of the condition (2.10) and using the asymptotic formulas in (2.21)-
(2.25), we obtain the asymptotic representation of Green’s function G(X, y; A4) for |ﬂ| —> 0 as
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Cos[sy + ﬁj[Sin s(x - E) j
4 2 +O(s’zem(y'x))

Ogysx<z
T T 2
sCos| s—+—
[£3+3)
. T
Slns(x—;z)Cos(sy+—j
4 +0(s 2™y o<y« % <x<rw
&CossZCos| s X+ fiSinSESin sZ
2 2 4 ) 2 2 4

. -1 V4 V4
sins(x—7) —Sins| y -~ |+ aCoss| y— =
ins(x ﬁ)[ 5 |ns[y 2j+ oss[y 2]}

é‘sCoss£+§SinsE
2 0

— — T
+0(s 26y S<yEx<z

G(x, y;4) = 2

Cos[sx + ﬁj[sm s[y - 1))
4 2
sCos[sE +£)

2 4

Sins(y - E)COS(SX + %j

&Coss” Cos| sZ+ % —ismsfsm sZi
2 2 4 o 2 2 4

Sins(y 77[{;15"1 s[x ,E}L &os s(x fzﬂ
o 2 2

&Coss£+38ins§

+0(s el 0<x< y<%

+0(s 2™y o< x<%< y<rm

- - T
+0(s 2ell) S<x<yss
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